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Abstract—This paper considers the problem of scheduling that would otherwise destructively interfere with each other
the maximum number of streams in a single time slot under can transmit concurrently by using some antenna elements
the MIMO degrees of freedom (DOF) model, when all links 5 cancel interference from the competing links. Note that

are in a single collision domain. In the DOF model, nodes - . - - .
can use degrees of freedom provided by their antenna arrays spatial diversity can have an indirect benefit on throughput

to multiplex multiple streams on a single link and/or cancel by maintaining the higher data rates enabled by improved
interference between concurrently transmitting links. Given a signal to noise ratios. However, in this paper, we focus on

set of links with data to transmit that are free of primary the throughput benefits that can be achieved from increased
interference, we provide optimal constructions for both the spatial reuse and spatial multiplexing.

case where only spatial reuse (from interference cancellation) . . S
is allowed and the case where both spatial reuse and spatial | "€ Specific problem we consider is: given a set of MIMO
multiplexing can be done simultaneously. Our analysis allows links with data to transmit, how can a set of transmitting

deriving clean throughput performance trends when the number  links be chosen and the antenna elements of those links be
of available DOFs is arbitrarily increased. These trends show that 5|jqcated between spatial multiplexing and interference cancel-

combining spatial multiplexing with spatial reuse can arbitrarily 4400 (1o permit spatial reuse) so as to maximize achievable
increase throughput compared to spatial reuse only, and that

close to two-fold throughput increases can be achieved compared throughput? We consider a setting wherein all links are in
to spatial multiplexing only. Finally, we show how the approach the same collision domain, i.e. if interference cancellation is

can be extended to deal with primary interference and optimally not done, no two links will be able to transmit concurrently,
solve the one-shot stream scheduling problem for an arbitrary and channel state information (CSI) for all links is available
set of MIMO links in a single collision domain. at both transmitters and receivers. Furthermore, we assume
that each link has virtually infinite data to transmit, i.e.,
an arbitrary number of distinct, non-empty data streams can
MIMO antenna technology promises to revolutionize wirgpotentially be allocated on each link. This assumption is
less networks by substantially increasing link throughputoherent with this paper’'s perspective of investigating the
boosting signal strength, and increasing transmission ranggaximum possible network throughput. Within this setting,
The potential of MIMO is beginning to be realized in wirelesse solve the considered problem exactly. To be specific, we
LANs with the availability of 802.11n components. Howeveranalytically derive upper bounds on the throughput increases
the use and optimization of MIMO links in a broader networkhat can be provided by spatial reuse and spatial multiplexing,
setting is only now beginning to be considered. In this papéoth individually and in combination, and we provide specific
we consider how MIMO antennas with capability to cancelesigns that achieve these upper bounds exactly.
interference from competing links can be used to optimize
network-wide performance. We focus on optimizing overall Il. RELATED WORK AND CONTRIBUTION
network throughput through the combination of spatial reuse
and spatial multiplexing, enabled by the interference cancel-Prior work exists on the characterization of the capacity
lation (IC) capability provided by MIMO. of wireless MIMO networks. Jafar [9] obtained an expression
MIMO can be used to achieve several capabilities, prier the maximum throughput for a two user non-degenerate
marily individually but potentially in combination, as well. MIMO Gaussian interference channel wifll;, M, (respec-
The individual capabilities provided by MIMO are: 1) spatiatively) antennas at transmittets2 and N, N, antennas at the
diversity, wherein the different paths between the multipleorresponding receivers. Here, perfect CSl is assumed at both
transmit and receive antenna elements are used to provigeeivers. The transmitters possess channel knowledge only of
robust signal strength in the presence of fading in sontiee communication links with which they are associated.
of the paths, 2) spatial multiplexing, wherein the multiple Another interesting work in this area is [2] where the
paths are used to transmit a linear combination of multipluthors characterize the benefits of cross-layer optimizations in
independent data streams that can then be individually decod&érference limited wireless mesh networks with MIMO links.
from the multiple signals provided by the receive antenriehey formulate a framework where data routing at the protocol
elements, and 3) spatial reuse, wherein multiple MIMO linkawyer, link scheduling at the MAC layer and stream control at

I. INTRODUCTION



the physical layer can be jointly optimized for throughput maxte numerically characterize throughput performance 6nder
imization in the presence of interference, and then develop different MIMO usages (spatial reuse, spatial multiplexing,
efficient algorithm to solve the resulting throughput optimizaand their combination). Differently from the results reported
tion problem subject to fairness constraints. An informatioim [6], our approach is fully analytical, and provides a simple
theoretic approach is adopted in [5]-[8] where the capacity ofosed-form expression for the optimal throughput. On the
a multi user Gaussian interference channel is bounded. other hand, our approach considers a restricted, single-hop
Work on MIMO broadcast includes [3], [16], where multi-collision domain, while the results reported in [6] are more
user interference is cancelled at the transmitter by ‘Dirty Papgeneral and consider multi-hop flows. Quite interesting, our
Coding’, which is of theoretical importance but is considereanalytical results qualitatively confirm the main findings of the
impractical due to high complexity. Prior work on interferencaumerical evaluation reported in [6] in terms of the relative
cancellation (IC) of multiuser MIMO systems has mainlghroughput gains when spatial reuse is combined with spatial
focused on the uplink [10], [12]. However, because of theultiplexing (see Section VI).
need for inexpensive mobile units with low complexity of
realization, closed loop MIMO systems have been studied Ill. BACKGROUND AND SYSTEM MODEL
where CSI is known at the transmitter of the base station. |nAn examp|e of MIMO interference cancellation is done by

related work, multi-user precoder designs [19], [4] can seryge zero forcing (ZF) beamformer, which is a linear technique.
multiple mobile units over the same frequency in such a washe ZF beamformer [1] is given by thelz x My matrix C =
that co-channel interference is mitigated. (H*H)~'H*, whereM7 is the number of antenna elements at
The primary issue of IC is balancing the need for higftansmitter,)/y is the number of antenna elements at receiver,
received signal power for each user against the interferengejs the My x My channel matrix, andd* is its conjugate
produced by the signal at other receivers. Several differafgnspose. Matrix' is used to either pre-process the transmit
IC algorithms exist. While the basic idea behind these ignal at the transmitter end, or to post-process the receive
the same, namely the use of CSI to predict and then cowignal at the receiver end. In the former case, we say that the
teract the interference produced at each node in the ngimsmitter nulls interference at receivers, while in the latter
work, they achieve different performance objectives. Typicghse, we say that the receiver suppresses interference from
performance criteria include zero-interference transmissiqransmitters.
minimum  transmit power subject to a minimum signal-to- There are three key benefits to using transmit and receive
interference plus noise ratio at each receiver, or maximt&prays in a communication link:
throughput subject to a given transmit power constraint. Two
commonly implemented IC techniques are the minimum mean
squared error (MMSE) and the zero forcing (ZF) beamformers.
MMSE does not null those interferers which are below the
noise floor, it merely ignores them. ZF instead completely nulls
all interferers irrespective of their strengths. o )
For the greater part, existing literature assumes CSI to pet is important to note that these benefits cannot be fully

available only at the receivers. Transmitters possess no CSI'§lized simultaneously through linear processing. An antenna

other cases, CSI is assumed at the receivers, with transmitf&f&y (ither transmitter or receiver array) with linear process-
possessing CSI only of the specific communication Iink(é'?g that mitigates interference has a diminished capacity in the

they are associated with. This is a suitable model for cellul§fmber of spatially multiplexed streams that it can decode and
networks where fast channel dynamics and node mobi"l&ltslablhty to combat fadmg,and vice-versa. Foratransmltpr
make it impractical for channel information to be fed backeceive array, this tradeoff is summarized by the conservation
at the desired rate. Our model however, deviates from tffi€orem, which states (see pg.548, [1])
trend by assgming perfgct CSl of all communication Iink's as diversity order= M — Ng — Ny +1> 1
well as of all interfering links at every receiver and transmitter.
This is a reasonable assumption, e.g., for the backbone oflere, M is the number of antenna elements in the array
wireless mesh network, where nodes are fixed and chan(ather transmitter or receiver arrayNs is the number of
conditions do not change rapidly. Periodic measurement asphtially multiplexed streams supported by the MIMO link,
sharing of channel states by receiver nodes and feedbaclkatal N; is the number of interferers (interfering transmit
every transmitter node is thus a feasible system design. antenna elements) that must be suppressed by the array ifitis a
The work that is most closely related to ours is [6], whereeceiver or the number of interfering receive antenna elements
the authors study the throughput of raulti-hop wireless at which its signal must be nulled if it is a transmitter. Note that
MIMO network. Similarly to our work, they assume thathe number of degrees of freedom (DOF) that must be used
perfect CSl is available at both receivers and transmitters. Tieehandle interference is dependent on the number of streams
authors cast the problem of optimal throughput determinatiteing transmitted on the interfering (or interfered-with) link,
as an IP formulation, whose solution is upper bounded bgther than the number of streams being transmitted on the
the corresponding LP formulation. This upper bound is usedray’s own MIMO link.

1) The ability to mitigate interference.

2) The ability to spatially multiplex several data streams
onto the MIMO channel.

3) The ability to mitigate small scale fading (a.k.a. spatial
diversity).
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Since the diversity order should be at least one, we haveassumption is unstated but implicit in all prior works that
have used the DOF model, e.g. [6], [13]. Perfect interference
M > Ns + Np cancellation, as assumed in the DOF model, is possihlg

The size of an antenna array therefore must be at Ie%{h QSI for the mterfgrmg link. . - .
While we deal herein with the single collision domain case

equal to the sum of the number of data streams that it SU@- ion 2 I Id b d f
ports and the number of interfering streams that it mitigate _ssun}pnpn f)' cl)ur resu tsltphou fwusf(’\ ars] a component o
This corresponds to the so-called degrees of freedom (D analysis ot a larger muftinop network, where our compo-

model [6], [13] , wherein antenna elements provide DOFs thagnt solution characterizes the optimal throughput achievable

can be divided arbitrarily between stream multiplexing anﬁ'thm a finite region constituting a single collision domain of
interference cancellation. the larger network.

There is thus an evident symmetry between trans:mitters’o‘ssumptlon 4 can be reahzt_ed n se_veral ways. One In-
\@ves communicating control information between coordi-

and receivers in terms of the usage of available degre€s’ link q d add additional head ting i
of freedom in supporting spatially multiplexed streams ar¢gft"d links and would add additional overhead resulting In
egraded throughput relative to the results derived herein.

in mitigating interference. This is seen by considering t o o il TDMA (STDMA
interfering MIMO links each carrying; and s, data streams owever, we envision a spaﬂg-reuse - ( ) ap-
proach [11], which is a realistic possibility for small to

respectively. Suppose that the transmitter of linkr;, nulls . .
P Y. SUPP KT, medium scale mesh networks (c.f. 802.16 [7]), wherein

itself at the receiver of link, R.. In order to avoid putting e ; -
all communications and interference cancellations are pre-

any energy fronil; at the interferingss elements ofR,, 1 d and all d i o | With
requiress, degrees of freedom to project its transmit vectdiomputed and allocated to specific communication slots. Wit

into the space that is orthogonal to the space spanned by Qﬁéiodic distr_ibution of such a schedule to all nodes in the
MRC weights of each of the, selected antennas &b. The network, achievable throughput converges toward the results

constraint on the size of} is therefore My, > s1 + so. derived here|rr: as th%schedulmg penogi increases. Itis |mgor—
On the other hand, suppose th$ suppresses the, data tant to note that we do not assume node cooperation, as done

streams fromT;. This would imposes; constraints on the fordexample mt CPOE’%";‘;';"? N”MO_' !n c0(|)_|perat|ve MIMO,
receive vector. The constraint on the size®f is therefore nodes cooperate in atransmissions. Here, we assume

Mp, > s1 + so. Hence, irrespective of whether interferencgnly that channel state information is disseminated in some
2 = . ’

cancellation is done by a transmitter or a receiver, the saf{gy: Put data transmissions are strictly pair-wise. _
constraint on the array size is felt. Finally, Assumption 6 is suitable for homogeneous wireless
Assumptions used in this paper are as follows: networks. Again, a good example would be a wireless mesh

1) Perf sl of . di tering link _backbone, where all backbone nodes use the same hardware.
) er.le%tl i CI)I tcomml_Jt?lcatmndan |_nter €nNg INKS 1S pe following quantities are defined in developing the
available at all transmitters and receivers. gystem model.

2) All links are in the same collision domain. By the sam

collision domain, we mean that any two links that are . — number of antenna elements at each transmit
being used simultaneously will each cause the other’s and receive array
transmission to fail unless interference between themis ; _ . mber of active links

canceled.
3) Transmitters and receivers are both capable of interfer-
ence cancellation.

s = [ x 1 throughput vector containing the number
of data streams carried by each link

4) Interference cancellation is coordinated such that, féi{4) = weight of matrix or vectord (sum of all entries)
any link [, interfering with another linki,, either the s,, = optimals vector (having maximum weight)
transmitter ofl.1 nulls its signal at receiver elements of 17, —  total amount of work (number of links on which
ly or the receiver of; suppresses the signal from the IC is performed) done by all transmitters

transmitter ofl,, but not both. Wg
5) Primary interference has been eliminated, i.e. the set of

links with data to transmit is free of primary interference. The optimal throughput is therefor®,,,, = w(sm). Note
(This assumption is removed in Section V-E.) that we omit link data rate in the throughput expression. This
6) All links have identical transmit and receive arrays, |r|]5 because, in this paper, we focus on Spatia| mu'tip'exing
terms of their sizes and signal processing capabilities¢gsm) and spatial reuse (SR) only, while not considering using
Several of these assumptions deserve discussion. As meMMO for improving spatial diversity (and, hence, perceived
tioned in Related Work, Assumption 1 is reasonable to achieS®&IR values at receivers). If only SM and SR are exploited,
with periodic channel measurement in a slowly-changiriye rate on a single stream can be considered as a constant,
environment, e.g. a network without mobility and a not toand optimal throughput is then achieved when the maximum
dynamic external environment. A good example of such anumber of streams are successfully activated.
environment is a wireless mesh network backbone, where allin the following sections, we report details of the following
nodes (mesh routers) are in fixed locations. Note that thisalyses:

= total amount of work done by all receivers



1) When only SR is performed, i.e. when each link carries
only one data stream, we obtain an analytical expression
for the optimal throughput or equivalently the number
of links that may be active simultaneously.

2) When only SM is performed, our single collision domain
assumption implies that the optimal solution can be
trivially computed: only a single link is active, and
streams are sent along the active link, which yields an
optimal throughput of;, independently of the numbeér
of links to schedule.

3) When both spatial reuse and spatial multiplexing are
performed together, we obtain an analytical expression
for the optimal throughput as a function of the number

of simultaneously active links. _ Let = k + 2, wherel < z < k — 1. All additions and
4) Moreover, at this optimal point, we determine how the,hractions in the following are taken modulo+ ). Let the
work of mterfgrence cancell_atlon is distributed amongis pe denoted Yo = (to,70)s i = (t1,71)s s g1 =
all the transmitters and receivers. (tero1,7rsa_1). Consider the following use of MIMO
IV. SPATIAL REUSE ONLY weights. Each transmitter sets its weights to null its signal
at receiversr;11,7;42,...,7+k—1- This uses all remaining
OFs at the transmitters. However, transmitterwill still
fterfere at reCeiVers; 1k, it k+1, - Titkte = Ti—1. THUS,
%8 of those receivers must use one of their DOFs to suppress
signal fromt;. Assume that each receiver attempts to

Fig. 1. Optimal Construction with Spatial Reuse Onty=£ 3,1 = 5)

With spatial reuse only, each active link supports only o
stream. Transmitters can use their remaining DOFs to null t
signal at some receivers, and receivers can use their remairg
DOFs to suppress interference from some transmitters. Th

Sm“b: L We '?OWI find thel ma.X|hmum numbﬁr ,Of links thatsuppress every transmitter that has not nulled its signal at
calr_1 N actglsr;,lmu tart;eousf)ll_ Vl\i't ?]Ut any (E)o Isions. | that receiver. Sinc& — 1 transmitters will null their signals

emma L. Theé number of links that can be active simultaz, o given receiver and the transmitter on the receiver’s link
neously without collision is at mogtk — 1.

. should not be suppressed, this leakesk transmitters for the
Proof: Assumel = 2k—1+x for integerz > 0. We show

. ; i receiver to suppress. The receiver thas 1 DOFs to use for
by simple counting that there are not enough DOF's to allg ppression. Sinde-k — k+z—k — x < k—1, each receiver
¢ I'”'LS tofb[()aoa'l:ctlve ilrrg?ltaneouslﬁélaiPOgA be the tqtal has enough DOFs to suppress every remaining interfering
number o s available among t S. Since transmitter .o nsmitter. Therefore, all links can be active simultaneously
and receiver arrays have sieeDOFy = I-2k = (2k—1+z)- o0t collision -

— 2 _ )

2k - Ak°—2k+ 2k, Le.tDOFR be thg total number Of.DOFS An example of the construction of Lemma 2 is shown in
required to allow thd links to be active. Each transmit-arrayq; . o 1 fork — 3 and/ = 2k — 1 = 5. In this figure, each
and receive-array uses one DOF to support the §|ngle dﬁﬁrﬁ (including its transmitter and receiver) is depicted in a
stream. The interference generated by each transmission my

be canceled out for every other link, either by the transmittSF rent color. Edges depict DOFs being used by transmitters
. . ! receivers and are assigned the same color as the node that is
or by the other link's receiver. ThudDOFr = 2.(2k — 1 + d

sing its DOF. Each receiver hadifferent-colored incomin
2)+(2k—1+42)- 2k—1+a—1) = 4k% — 2k +dka+a® —z. o9 V ! incoming

4 ) edges, indicating that the transmitters of those colors are using
Sincez > 0, DOFR > DOFy and there is no way for thesey, i boFs to null their signal at that receiver. In addition,
transmissions to succeed simultaneously.

W how that th bound— 1 simult | each receiver ha8 outgoing edges of its own color, which
ve now show that tne upper boundi—1 simuftaneously represent the use of its remaining DOFs to suppress certain
active links is achievable.

) : . . transmissions. Finally, note that the outgoing edges from each

.Lemma Z.There IS an.ass!gnment of MIM.O we|ght§ .tha“eceiver terminate at exactly the nodes whose colors are not
will allow [ links to be active simultaneously without coII|5|0n,represented by incoming edges to that receiver, i.e. the receiver
if 1 <2k—1. $

o . . . is suppressing interference from all interfering transmitters that
Proof: : With MIMO links having antenna array size ofdiol not null their incoming signals to it.

k, the transmitter on an active link can set its weights so as 0rheorem 1:The optimal throughput wit MIMO links
null its transmitted signal at an arbitrary setiof 1 receivers. each having array sizé, in a single collision domain with

Similarly, the receiver on an active link can set its We'ght§patial reuse only is:
S0 as to suppress interference from an arbitrary set -efl
transmitters. l if ] <2k—1
Case 11 <k wiem) =gk 1 if 1> 2k -1

In this case, each transmitter can null its signal at every Proof: The theorem follows directly from Lemmas 1
other receiver, thus completely eliminating interference.  and 2 and the fact that, with spatial reuse only, there is one
Case2k+1<I1<2k-1 stream per active link. [ |



2k/(1+1) streams

' o> = 2k/(1+1) nulls

r = 2k/(I1+1) suppressions

2k/(1+1) streams

Fig. 2. Interference Cancellation between Two Lirdksandl;

V. SPATIAL REUSE AND SPATIAL MULTIPLEXING

When it is possible to use both spatial reuse (SR) and Fig. 3. Interference Cancellation Assignment for 7
spatial multiplexing (SM) with MIMO links, the optimal way
to use the MIMO DOFs is not obvious. The transmitters andNo. of links 1] 35 7] 9 ]11]13] 15

=
[
[&)]

receivers of a given link could use their DOFs to multiplex No. of streams(SRO) 3| 5[ 7[9]11]13
several streams, thereby increasing the link data rate, or theye- Of steams (SR+SM) 8 | 12| 12 ] 14 | 14 | 14 [ 14| 15
could use their DOFs to cancel interference, thereby allowing
more links to be simultaneously active. Of course, one obvious
case is whenl = 1. In this case, there is no interference

and the link can use its full multiplexing potential to support

k data streams, resulting in a throughput fof However, it

is only about half of the maximum throughput achievable

with spatial reuse only, which i&2k — 1). Thus, the use of interference withliii,lit2,...,l; o1 An example of this

multiple simultaneously active links can increase throughp@ssignment fot = 7 is shown in F|gure 3. Now, consider an
even when spatial multiplexing is allowed. However, in thigrbitrary link ; , with j # i. We claim that with the g|ven

situation, IC will be necessary, meaning that it is not poss,b@&gnment interference is cancelled betwgeand [;

TABLE |
NO.OF ACTIVE STREAMS WITHSRONLY AND WITH SR+SM = 8)

to use all DOFs to achieve spatial multiplexing. j < i+ 5t then this is true fme S DOF a53|gnment SO
consider the case where> i + =L, Then, it must be true
A. Lower Bound on Achievable Throughput thati < j+ 5L (recall thatl is odd and arithmetic is modulo
The following theorem provides a constructive lower bound. Thus, in this casel; will have been assigned to cancel
on throughput when both SR and SM are performed. interference withl;. Sincel; and; are arbitrary links, this

Theorem 2:Assumel < [ < 2k—1, and let/’ be the largest implies that all pairs of links are covered by this assignment,
integer not greater thahfor which l?fl is an integer. Then and all interference is cancelled. This can be seen in the
there exists an assignment of MIMO weights that can suppdrigure 3 example where each link has exactly one incoming
I 2k simultaneously active streams without collisions whe@r outgoing edge connecting it to every other link.
spatial reuse and spatlal multiplexing are both used. ok )

Proof: Case 1:2% is an integer Case 2:777 is not an integer
Let the links be denoted by, = (to,70),...,l-1 = In this case, the theorem states tW@% streams can be

(t;—1,71-1). Assign lﬁfl streams to every link. The total simultaneously active, wher& is the largest integer smaller

number of streams i&2%, which matches the number in thethan for which 7 is an integer. Here, we can simply apply
theorem. Now, consider interference between two arbitrafye Case 1 construction for= /’and leave the remaininig- 1’

links 1; and [;. I; can eliminate interference between thesénks unused, and the theorem’s statement is true. W
links (in both directions) by usingﬁr—’“1 degrees of freedom Note that pluggingl = 2k — 1 into Theorem 2 yields a
at botht; andr;. ;. This situation is depicted in Figure 2.number of simultaneously active streams equal2ko— 1.
The total number of bi-directional mterference cancellatiorehis is the same value that results from the construction of
a given link can achieve in this manner +52§% = 121. Lemma 1 for spatial reuse only. In fact, the construction of
Note that in the case under consideratiomust be odd so Theorem 2 degenerates to spatial reuse only in this limiting
that this value is an integer. So, any given link can cancefse. However, for a smaller number of links, Theorem 2's
interference in both directions with exaCtM other links construction allows for a higher number of active streams than
and will completely use its DOFs to do so. Interference mugtth spatial reuse only in most cases. For example, Table |
be canceled between a@ —7.=t 1 pairs of links. Since each compares the number of active streams achievable for the two
link can cancel interference W|tﬁﬁ others, the number of scenarios whet = 8.
possible cancellations matches the number required. The next sections provide a matching upper bound to
We now give an exact assignment of interference cancelthe achievable throughput for odd values [ofThe optimal
tions that will allow theséd links to be simultaneously active.throughput will be shown to be achieved when the work
All additions and subtractions are moduloFor any given of interference cancellation is equally distributed among all
link I;, use the DOFs at its transmitter and receiver to candehnsmitters and receivers.



B. Spatial Multiplexing with IC: A Matrix Formulation

Interference cancellation betweé‘ﬁ;—” pairs of links ((I—
1) cancellations total) must be done. Thus,

Wi+ Wg=1(-1)

For the transmitter side, we have
JEL;

where L; is the set of links at which the transmitter of lirk
nulls itself. Rewrite this as

Ays < k wherel < w(A;) <12

Similarly, for the receiver side, we have

51+Zsj§k

JEM;

. . 6
vector of the two vectors,, s3 which satisfyA;s; = k and
Asss = k. This is expressed as

Hﬁx{w(f(sl,sz)) — f(s1,82): A1s1 =k

and(I +1— AT)s, = k}

Sm

3)
Equation 3 follows because

If w(s1) > w(s2)

w(A;) <w(I +1— AT)

(Ay+ AL < (T +1)1

(Ay + A)sy < (I +1)sg (. sz is positive)
Aysg — (I +1— AT)sy <0

Aisg < k

Frrel

(and vice-versa withs; and sy interchanged.)
Now, w(4;) = 1 = A; = I™. This represents one

M; is the set of links whose transmissions the receiver of lirdktreme where the total work done by transmitters is zero, i.e.

1 suppresses. Rewrite this as
Ags < k wherel < w(Ay) <12

Note thatw(A4;) = Wr+I1 andw(Az) = Wr+I. The solution
s must satisfy
Als < k andAgs < k

W = 0. All work is done by the receivers, i.8Vg = I(I—1).
In this caseA, = 1 andw(A,) = 2. At the other extreme, we
have the transmitters creating nulls at every receivér) =
12, Ay = 1,Wr = [(I—1)) and the receivers doing zero work
(U)(AQ) = l,A2 = Ile,WR = 0)

To find the optimal solution, we evaluate the right hand side
of Equation 3 for all4; with weight ranging fromw(4;) =

The optimal solution is the vector with maximum weighfcorresponding tdV; = 0, Wg = (I — 1)] to w(A;) = 2

subject to the constraintd;s,, < k and 4Ass,,, <k, i.e.

Sm = max {w(sm) — Sm : A1sm < k and Ass,,, < k}
A1,Az

Ay and A,, however, are related. Any choice df, com-
pletely determinesi, and vise-versa. The relation is

{ Az(jyi) =1— A1(i,5) Vi# j
Ay(i,i) =13 Ag(iyi) = 1 Vi

Equation 1 follows from the fact that if transmittenulls itself

@)

[corresponding tdV; = (I — 1), Wr = 0]. We obtain a set
of - (I —1)+ 1 solutions, each being maximal over the class
of matrices having a certain weight. The optimal solution is
the maximum of this set. In practice, we do not need to sweep
the weight of A; beyond the midpointW{'r = Wg = l”%l))
up to W = I(I — 1) because of the following property.

Lemma 3: The MIMO system under consideration is equiv-
alent to its dual configuration, obtained by reversing the
direction of every communication link.

Proof: We model transmitters and receivers identically,

at receiverj, then receiverj need not suppress the signal fron-€- transmitter and receiver arrays have equal numbers of

transmitteri (coordinated IC). We therefore have
Ay =T+1— AT

The relation between the weights of; and A, naturally
follows from this as
w(A) +w(Az) =20+1(1-1)=1(+1) 2

The optimal solution can now be simplified as

Sm = n}lax{w(sm) — Sm : A1sm <Kk, (I—|—1—A1T)sm <k}
1

Now, define the mapping from two vectorss; andss, to
choose the vector with minimum weight as

fi{s1,82} — H{w(s2) > w(s1)}s1 + 1{w(s1) > w(s2)}s2

where the functiori (C') = 1 if C is true and) otherwise. The
optimal solution amounts to maximizing the minimum-weight

antenna elements and identical signal processing capabilities.
Thus, reversing the roles of transmitters and receivers and the
directions of data transfer, preserves the throughput. The roles
of A; and A, are then reversed, i.ed; is the receiver side
matrix and A, is the transmitter side matrix. [ |

C. Lagrange Multiplier Method of Optimization

For every value &' of w(A;) € [1,1%], we apply the La-
grange Multiplier Method of optimization to find the maximal
solution

EMAIES max {w(f(sl,sz)) — f(s1,82): A1s1 =k,

(1+1-AT)sa =k , w(4y) =w} (4)
Finally, the optimal solution is calculated as
Sm = max {sp}} (5)

w(Ay)=w



We will see that this maximum occurs when(A;)

U Moreover, Equation 2 givesu(A»)

w(Ay) = w(A;). Let the weights of4; and A, be

w(A;) = l+nwhere0<n<Il-(I-1)
= w(d) = PP-n
We have, for the transmitter side,
Ais1 =k
= sl +sech + . sicf =k

whereg; is theit" column of 4; ands; is theit" element of

s1. Denotingw(c;) by AY,

51AY + s20AY + ... 51A =kl
We also have
w(A)=1+n
= AV +AY+ ... A =14+n

We want to maximize the function
f(s1,A1) =81+ 52+

wheres; = (s1,...5;) andAl (AT, ... A]")
subject to the following two constraints:
d(s1,A1) = 5147 + 5245 + ... 514}
—kl =0 and
O(s1,A1) = AV +AY +.. AP
—(l+n)=0

This is done by the method of Lagrange multipliers as foIIOWﬁ1tegral % should be a multiple o

1+ 1) —

(6)

)

8)

Finally, we have

Ay = ..Al:(%Jrl) and
l
=...=s5=k-A=k—o
51 o= l+n
And so, the maximum value of the functigits1, A1) = s1+

So+ ...+ s s

12
l+n
Similarly, for the receiver side, we obtain

12
W (s2,n) = k:l —

W (s1,n) =k

Evaluating the optimal solution from equations 4 and 5
amounts to evaluating

w(sm) = max{min{wm(sl,n),wm(s%n)}}
2
(41
This maximum occurs ab = ‘-1 Correspondingly) =
z+1 Therefore
w(4;) = l4+n= Z(I;Ll)
l 1
w(Ay) = 1> —n= (l; )

Hence, optimal throughpus,, occurs at the mid-point
where w(A;) = w(Asy) i.e. transmitters and receivers share
work equally. Spar = w(sm) = kﬁ? = 2 For this to be
# Our analysis cannot be

Define completed before making the foIIowing important observation.
F(s1, A1, 1) = f(s1,A1) — A\op(s1, A1) — uf(s1,A;) Note The values ofA}” should be integral as these are
= sitsat...s—As1AY + ... + AV the yveights of the columns 941, which hgve 1" and ‘0’ as
1l v A (] entries. However, we have disregarded this fact and carried out
= kD) = p(AY -+ A = () the Lagrange Multiplier Method of optimization in the Real
Then, we solve the system domain. At the optimal point (mid point), the value of the
SF _ column we|ghts l“ is integral if is odd. Furthermore,
55 =0Vi=1...1 ©) optimal values ofA‘f’ ylelded by the Lagrange Method are
SF integral also for those values af which are multiples of.
sAw =0 Vi=1...1 (10)  For all other values of:, the column weights obtained are
‘ non-integer. Given that we have determined that the value of
P(s1,A1) =0 (11) « 21
min{wpm (s1,n), wm(sz,n)} is strictly lower thank ;75 for all
O(s1,A1) =0 (12) n other tham = l(l%” imposing the integer constraint would
This gives only further strengthen the inequality. Therefore the approach
" w 1 is justified, and we are safe in performing the optimization in
AV =... =AY = X (from equation9) the Real domain.
s1=...=8§ = TM (from equation 1D D. Structure of the Matrices at Optimal Point
—ul At the optimal point, we havev(A;) = w(As). Moreover,
ITX = ki (from equationl1) the outcome of the Lagrange Method gives the weight of
— = —k\2 each row and of each column of; and A, to be equal to
1 (=1 4 1. This result translates to our MIMO setting to mean
I3, = (I+n) (from equation 12 that every transmitter and every receiver performs interference
\ l cancellation With(lg—l) other links. That is to say, the work of
— = —_—

IC is equally distributed among all transmitters and receivers.



the transmit and receive matrices are equal at the optimal point.

Finally, the relationd, = I+1— AT impliesA; = A,. Hence, YN / [
ls s
We can therefore write s

A1:A2:>A1+A{:I+1:> .
N _ .. . . (@)
{ Ai(iyj) =1 — Ay(j,0) Vi # j (13)

Al(i»j) = Az (%J) Fig. 4. (a) Communication graph in a single collision domain (b) Maximum

(b)

. . .. matching of the communication graph
Equation set 13 is th&ymmetry Condition The symmetry

condition implies that if transmitter nulls itself at receivey, n 0 1 2 3 4 5 16
then transmitterj will not null itself at receiver:. Instead, it wm(s1,n) [ 6] 45 | 3.60 | 3| 25714] 225[ 2
is receiveri which r he signal from transmitter wm(s2,m) | 2 | 2.25] 25714] 3 | 360 | 45 | 6
S receiven ch suppresses the sig % W(Sm) 2 | 225| 25714 | 3 | 25714 | 225 | 2

Therefore, interference cancellation between a pair of links is
done entirely by one of the links at the optimal point TABLE II

E. Handling Primary Interference OUTPUT OF THELAGRANGE MULTIPLIER OPTIMIZATION METHOD.

Primary interference occurs when a station is involved in
more than one communication task at the same time (sending
and receiving, receiving from two different transmitters, etc.)Jinks is also guaranteed to be optimal for 8, 10, and 12 links.
Let G = (V, E) be a subgraph of the communication graph dh general, if we use the optimal construction for 1 links
the system containing all links that have data to transmit. for an evenl, we can get within at Ieas% of optimal,
general, the links ofy arenot free of primary interference. which decreases in proportion t®.
A matching of G is a set of edges, where each vertex
appears in at most one edge of the matching. Thus, byAn Example
definition the links making up a matching @ are free Consider a single collision domain with 6 links as shown
of primary interference. The following theorem demonstratés Figure 4a. Assume all links have data to transmit. We want
that, if we obtain a maximum matchiny/ of G and apply to schedule the maximum number of streams possible in one
our optimal construction from the previous sections to the linkiine slot across these links. Obtain a maximum matching of
contained inM, then this achieves the maximum throughpuize 3 as shown in Figure 4b. Thus we get the maximum
possible among all of the links igr. This then provides an number of primary-interference-free links to be- 3. Choose
optimal solution to the one-shot stream scheduling probletie size of the antenna array to be= 2. We will apply the
under consideration. optimization procedure derived above to this setting in order
Theorem 3:Let M be a maximum matching among allto find the maximal throughput and the structure of the
links having data to transmit. Let the number of linksMnbe and A, matrices at the optimal point.
[ € [1,2k — 1] such thatﬁr—’“1 € Z. This implies! = 2m + 1 The weight ofA; is swept fromn = 0 to n = 6. Note the
for somem € N andk is a multiple of (m + 1). Then the symmetry about the mid-point, which is a result of the duality
optimal throughput iS4, = 12% property. For values ofi smaller than the mid-point i.e. for
Proof: In subsections3 and C, it was proven that in n < 3, we havew(A;) < w(Asz). This impliesWr < Wg
the absence of primary interference, the optimal throughpus. the total work done by the transmitters in IC is less than
supported by a set df < 2k — 1 links in a single collision that done by the receivers. The number of degrees of freedom
domain is S, = 7= for odd (. Since this is an increasingavailable at the transmitters for multiplexing data streams is
function of [, no set of links which form a matching smallertherefore larger than that available at the receivers. Hence
than! (size of the maximum matching) can support a highehe receiver side matrixd, determines (imposes a stronger
throughput. B constraint on) the achievable throughput. This is evident from
Note that Theorem 3 holds only if the number of links in th&able 1. On the other hand, for values aflarger than the
maximum matching is odd. Exactly characterizing the optimatid-point i.e. forn > 3, we havew(A;) > w(As). In this
solution for an even number of links is an open problenease, the achievable throughput is constrained more strongly
which we are considering in future work. However, the optimagy the transmit side matrixi; as seen in the table.
constructions for odd numbers of links can be used to achieve
bounds on optimality for even numbers of links. For example, VI. Discussion
in Table I, observe that for 6 links, we can achieve 12 streamsin this section, we qualitatively compare our results with the
using the optimal construction for 5 links. Furthermore, thenes (based on numerical evaluation) reported in [6]. We stress
optimal for 6 links can be no better than the optimal for 7 linkghat the network setting considered in [6] is quite different
which achieves 14 streams. Therefore, the 5-link constructiom ours: multi-hop flows are to be scheduled on a set of
is within two streams of optimal for 6 links. Note also that ainks with arbitrary collision domains. On the other hand, our
the number of links increases, this bound gets tighter. Frapproach assume single links to be scheduled (one-hop flows),
the same table, we can see that the optimal construction foarrd all links are part of a single collision domain. Despite the
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VIIl. FUTURE WORK

We would like to derive the optimum result for an even
number of links. The Lagrange multiplier method of optimiza-
tion must be done in the integer domain rather than the Real
domain in this case. We also plan to extend our formulation
to study the throughput characteristics of multi-hop networks.

Fig. 5. Optimal throughput achievable witk= 7 links and increasing number (1]
of antenna elements, with SR only, SM only, and SM+SR MIMO systems. 2]
different network settings, the main qualitative findings of [6][3]
are fully confirmed by our analytical results. To be specific,
Hamdoui and Shin observe that, as the number of antenpg
element increases, the maximum achievable throughput first
raises and then flattens out asymptotically under SRO, while
it increases “almost” linearly under SMO or SR+SM. As seerjs
from Figure 5, this behavior can be observed also when the
results derived in this paper are extended to arbitrarily larg
values ofk: in case of SRO, the throughput increases whe
relatively few DOFs are available; once the available DOFs
are sufficient to null/suppress all interference, the optima[|7]
throughput flattens to the optimal value bf corresponding

to scheduling one stream on each possible link. In case ¢
SMO, only one link can be active at a time. Hence, optimaig]
throughput increases linearly with which corresponds to the
maximum possible number of streams that can be transmitied
on the active link. In case of SM+SR, additional throughput
benefit (near two-fold) can be achieved by combining the
two MIMO techniques. It is also worth observing that wheft1]
relatively few DOFs are availablek (< 5), all DOFs are
used to mitigate interference (SRO and SM+SR curves 3ig
overlapped); as the number of available DOFs increases, inter-
ference mitigation can be combined with spatial muItipIexir:iH3
to achieve considerable throughput gains over the SRO ncJ

SMO approaches.
[14]

VIl. CONCLUSIONS

For spatial reuse only, we obtained an expression for tHé]
maximum throughput of a single-hop network as a function
of the number of links and antenna array size. For spatja
reuse and spatial multiplexing, we derived algebraically an
expression for the maximum throughput when the number Qb
links is odd. We showed that optimum throughput is achieve
when the work of interference cancellation is shared equallyg]
between every transmitter and every receiver, and theref?{g
all links multiplex the same number of streams. Moreover, we
showed that at the optimum point, the interference between
every pair of links is canceled entirely by one of the links. That
is, if the transmitter of a given link nulls itself at the receiver
of an interfering link, then the receiver of the given link will
suppress the signal from the transmitter of the interfering
link. Finally, we showed that the optimal throughput obtained
with spatial multiplexing and spatial reuse combingg,{.. =

% ~ 2k streams) is approximately twice what it is with
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