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In [4], Santi and Blough presented a number of results concerning the asymptotic connectivity of
wireless ad hoc networks. This correction includes fixes to several of that paper’s results.

We recall the main parameters from [4]: n refers to the number of nodes in the network, r refers
to the transmitting range of the nodes, which is assumed to be identical on all nodes, and [ refers to
the length of the region containing the network for the 1-dimensional case or the length of each side
of the region for the 2-dimensional and 3-dimensional cases. Furthermore, CON N is defined as the

event that a randomly chosen network is connected.!

Theorem 4*. Assume that n nodes, each with transmitting range r, are distributed uniformly and
independently at random over R = [0,(]. Further, assume that rn = klIn! for some constant k > 0,
where r = r(l) < land n =n(l) > 1. If k> 2 and 7(I) > 1, or if kK = 2 and r(I) € (1), then
lim;_,,o P(CONN,;) = 1.

Proof. With the condition stated in Theorem 4*, the original proof of Theorem 4 in [4] holds. O

When comparing Theorem 4* with the original Theorem 4 from [4], we note that the condition
r(l) € (1) has been added when k > 2. Thus, the result does not hold for the special case where
r — 0 as | — oo. This special case is somewhat of an unnatural one but it is not ruled out by the
theoretical model. If r — 0 while rn = klln, then clearly n — oo much faster than [ and this implies
that the node density is extremely high. Since we are primarily concerned with sparse scenarios, this
special case does not fall within the main area of interest for the original paper, but nevertheless the
additional constraint is required to make the theorem technically correct. We also note that Theorem
4* gives the precise sufficient conditions for connectivity with all necessary constraints. Thus, the

sufficient condition portion of Theorem 3 in [4], which summarized results from an earlier conference
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paper without constraints, should be viewed as simply an order of magnitude result rather than a
precise set of conditions for connectivity.

Since Theorem 8 of [4] is a generalization of Theorem 4 to higher-dimensional regions and uses the
same proof technique, the same fix is required for Theorem 8 as well.

A more serious problem is that Theorem 6 of [4] is false. This theorem was originally given in [3]
and was shown to be false in [1]. Theorem 6 of [4] is weaker than Theorem 5 of [4] (which still holds),
but it covers a wider class of functions of r. Therefore, we adapt Theorem 5 of [4] to cover a broader

range of functions.

Theorem 5*. Assume that n nodes, each with transmitting range r, are distributed uniformly and
independently at random in R = [0,[], and assume that rn = (1 — ¢)lInl for some 0 < ¢ < 1. If

r =r(l) € O(I°), then the communication graph is not connected w.h.p.

Proof. Suppose the deployment area R = [0,] is divided into C' = % cells of equal length r, and let
us consider three segments of R of equal length [/3. We call these segments the right, the center,
and the left segments of R. (For simplicity, we will assume that [/3r is an integer, and that n is
a multiple of 3; a corresponding argument for interpolating values of | and n can easily be found.)
The outline of the proof is as follows: First, we prove that there is a constant, non-zero probability
of having at least one empty cell in the center segment of R. Then, we show that there is at least
a constant, non-zero probability of at least one node appearing in the left segment and in the right
segment of R. Given these facts, we prove that the event “there is at least one node in the left
segment, there is at least one empty cell in the center segment, and there is at least one node in the
right segment”, which corresponds to a node deployment generating a disconnected communication
graph, occurs with constant, non-zero probability. This implies that, under the hypotheses of the
theorem, the communication graph is not connected w.h.p.

Let us first consider the center segment. We want to prove that the event E = “at least one of the
% cells of length r is empty” asymptotically occurs with constant, non-zero probability. Let n’ denote
the number of nodes out of the n overall network nodes landing in the center segment. We have:

n/3
Prob(E) > Z Prob(E|(n' = 1)) - Prob(n' =1i) .
=0

We observe that Prob(E|(n’ = 1)) is a decreasing function of i: as the number n’ of nodes landing in
the center segment increases, and given that the number of cells in the center segment is not influenced

by n/, the probability of having at least one empty cell cannot increase. Thus, we can write:
Prob(E|(n' = 1i)) > Prob(E|(n' =n/3)) foreachi=0,...,n/3.

It follows that:
n/3

Prob(E) > Prob(E|(n' =n/3)) ZProb (1)



It is easy to see that Zn/g Prob(n' = i) = Prob(n’ < n/3) > 1/2. As for the other term in the

1=
right hand side of (1), we observe that we have reduced our problem to an occupancy problem with
n’ = n/3 balls thrown uniformly and independently at random into C’ = C/3 cells. We recall that
we are considering a situation in which rn = (1 — €)lInl and r = O(I¢). With these hypotheses, the

following results? hold from occupancy theory [2, Ch. I, §1, Theorem 1]:
Elu] ~ C'17L, Var[u] ~ C'1<7, (2)

where p is the random variable denoting the number of empty cells. Our goal is to show that under
the condition n’ = n/3,

Jdg<1Vl>0: Prob(p=0)<gq. (3)

To that end, assume that (3) is false; i.e. we can find some sequence (I;) on which Prob(u =0) — 1.
We know by hypothesis that » € O(I€), which means that C'I1°"! = [¢/3r is bounded from below by a
positive constant. By passing to a suitable subsequence of (I;), we can achieve that either {€/3r — A
for some A > 0, or that [¢/3r — oco. We will handle these two cases separately.

(i) 1¢/3r — oo, and thus E[u] ~ C'l°"! — oco. In the terminology of [2], this means that we are in
the right-hand intermediate domain, and it is known that the limit distribution of p is Gaussian. In
view of Eq. (2), we conclude that Prob(u = 0) — 0 on the sequence in question, in contradiction to
our assumption.

(i) 1¢/3r — X > 0. In the terms of [2], we are then in the right-hand domain, and the limit
distribution of 4 is the Poisson distribution with parameter A. This results in Prob(u = 0) — e~ < 1,
leading us to a contradiction.

This shows that Eq. (3) holds in all cases. It follows immediately that
Prob(E|(n' =n/3)) =1— Prob((p =0)|(n' =n/3)) >1—q.
Let us now consider the following event Fi:“both the left and the right segment contain at least
one node”, and let n” = n —n’ be the number of nodes in the left or right segment of R. We can write:

Prob(Ey) > Y Prob(Ei|(n” =1))- Prob(n" =i) =

i=2

3
n/3

= ) Prob(Ey|(n' =1i))- Prob(n/ =1i) .
=0

We observe that Prob(E;|(n' = 7)) is a decreasing function of i: as i increases, the number n”
of nodes landing in the left or right segment decreases and, given that the number of cells in these
segments is not influenced by n”, the probability of having both segments containing at least one node

cannot increase. Thus, we can write

Prob(Ey|(n' =14)) > Prob(E|(n’ =n/3)) foreachi=0,...,n/3,

2For two functions f(z) and g(z), we use the notation f ~ g to indicate that f(z)/g(x) — 1 as x — oo.



and it is clear that for large [, the following estimate holds:
Prob(E1|(n' =n/3)) >1/2.

To prove the theorem, it is sufficient to observe that, conditioned on a certain value of n’ (and,
consequently, of n” = n —n’), the two events F and E; are independent, i.e. Prob((E A Ey)|(n' =
i)) = Prob(E|(n' =1)) - Prob(E1|(n' =1)). Given this fact, we can write:

n/3
Prob(EAEy) > Y Prob((EAEy)|(n' =1i))- Prob(n' =i) =
i=0
n/3
= Z Prob(E|(n' = 1)) - Prob(Ey|(n’ =1i)) - Prob(n' =1i) > (4)
n/3
> Prob(E|(n’ =n/3)) - Prob(Ey|(n =n/3)) Z Prob(n (5)
> Prob(E|(n’ =n/3)) - Prob(Ey|(n =n/3)) -Prob(n <n/3) >
> 1o
- 4
for large I, which concludes the proof of the theorem. O

In [4], Theorems 4, 5, and 6 are combined in Theorem 7. Thus, given the above analysis, we now

have a modified version of Theorem 7 also.

Theorem 7*. Assume that n nodes, each with transmitting range r, are distributed uniformly and
independently at random over R = [0, ] and assume that rn = klIn! for some constant & > 0. Further,
assume that r = r(l) < land n =n(l) > 1. If k =2 and r(I) > 1, or if £ > 2 and r(I) € Q(1), then
the communication graph is connected w.h.p. If £ < (1 —¢€) and r=r(l) € O(Il¢) for some 0 <e <1,
then the communication graph is not connected w.h.p.

Note that the simulation results reported in [4] to validate Theorem 7 are still valid and can be
used to validate Theorem 7*, as they refer to the case k = 2 and r = r(I) > 1, for which the statement

of Theorem 7 are reported in [4] is correct.
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