L

L

INTRODUCTION

Ma rco P ellegrini

Pl ¨ ucker c o or dinates

Ra y Sho oting and Lines in Space

Analytic geometry of lines in 3-space is a part of the b o dy of classical analytic

geometry since the pioneering work of Pl ¨ ucker. Interest in this branch of geometry

has b een revived in recent years by several converging trends in computer science.

The discipline of Computer Graphics has pursued the task of rendering realistic

images by simulating the flow of light within a scene according to the laws of ele-

mentary optical physics. In these mo dels light moves along straight lines in 3-space

and a computational challenge is to find efficiently the intersections of a v ary large

numb er of rays with the ob jects comprising the scene. In Rob otics the chief problem

is that of moving 3-dimensional ob jects without collisions. The effects due to the

edges of ob jects have b een studied with reference to the more general problem of

representing and manipulating lines in 3-space. Computational Geometry (whose

core is b etter termed Design and Analysis of Geometric Algorithms) has moved

recently from the realm of planar problems to tackling directly problems that are

sp ecifically 3-dimensional. The new and sometimes unexp ected computational phe-

nomena generated by lines (and segments) in 3-space have emerged as a main fo cus

of research.

In this chapter we will survey the present state of the art on lines in 3-space

and ray-sho oting from the p oint of view of Computational Geometry

. The emphasis

is on prov able non-trivial b ounds for the time and storage used by algorithms for

solving natural problems on lines, rays and p olyhedra in 3-space. W e start by

mentioning different p ossible choices of the co ordinates of lines (Section ). This is

an essential initial step since different co ordinates highlight different prop erties of

the lines in their interaction with other geometric ob jects. Here a sp ecial role is

played by the (see Section ), which represe nt the starting p oint

for many of the most recent results. Then we consider how lines interact with each

other (Section 34.1). W e are given a finite set of lines that act as obstacles and

we will define other (infinite) sets of lines induced by , which capture some of

the imp ortant prop erties of visibility and motion problems. W e show b ounds on

the storage required for a complete description of such sets. Then we move a step

forward by considering the same sets of lines when the obstacles are p olyhedral

sets which are more commonly found in applications. W e arrive in Section 34.2

at the ray-sho oting problem and its v ariants (on-line, off-line, arbitrary direction,

fixed direction and sho oting with ob jects other than rays). Again, the obstacles

are mostly p olyhedral ob jects, but in one case we are able to rep ort a ray-sho oting

result on curved ob jects (spheres) .

Section 34.3 is devoted to the problem of collision-free movements (arbitrary or

translation only) of lines among obstacles. This problem arises, for example, when

lines are used to mo del radiation or light b eams (e.g. lasers). In Section 34.4 we

define a few notions of distance among lines, and as a consequence we have several

( )

GLOSSARY

34.1 Co o rdinates of Lines

0 1 2 3 1 0 2 0

3 0

4

0 0 1 1

0 0 1 1

0 1 2 3 0 1 2 3

0 1 2 3

0 1 2 3

0 0 unoriente d

oriente d Pl ¨ ucker c o or dinates homo gene ous c o or dinates:

oriente d lines:

unoriente d line:

x, y , z

x , x , x , x x x /x y x /x

z x /x

y az b x cz d

a, b, c, d

R

z z l

x , y , x , y ,

l x , y , x , y l

l

a a , a , a , a b b , b , b , b

l l a b

l a a a a

b b b b

, a , b >

(I) Canonical co ordinates by pairs of planes.

(I I) Canonical co ordinates by pairs of p oints.

(I I I) Pl ¨ ucker co ordinates of lines natural proximity problems for lines in 3-space. Finding the closest pair in a set of

lines is the most basic of such problems.

In Section 34.5 we survey what is known ab out the “dominance” relation among

lines. This relation is central for many visibility problems in Graphics. It is used, for

example, in the painter’s algorithm for hidden surface remov al. Another direction

of research has explored the relation b etween lines in 3-space and their orthogonal

pro jections. One main topic is that of realizability

, that is, given a set of planar

lines together with a relation, do es there exist a corresp onding set of lines in 3-space

whose dominance is consistent with the given relation?

A p oint ( ) in Cartesian co ordinates has ho-

mogeneous co ordinate ( ), where we have = , = , and

= .

A line can have two distinct orientations. A line and an orien-

tation form an oriented line.

a line for which orientation is not distinguished

The intersection of two planes

of equation = + and = + is a non-horizontal line in 3-space, uniquely

defined by the four parameters ( ). Thus these parameters can b e taken

as co ordinates of such lines. In other words, the space of non-horizontal lines is

homeomorphic to . Results on ray-sho oting on b oxes and some lower b ounds on

stabbing are obtained using these co ordinates.

Given two parallel horizontal

planes, = 1 and = 0, the intersection p oints of a non-horizontal line with the

two planes define uniquely that line. If ( 0) and ( 1) are two such p oints

for , then the quadruple ( ) can b e used as co ordinates of . Results on

sets of horizontal p olygons are obtained using these co ordinates.

Although four is the minim um numb er of co ordinates needed to represent an

line, such parameterization have proved useful only in sp ecial cases.

Many interesting results have b een derived using instead a five-dimensional param-

eterization for lines, called .

. An oriented line in 3-space can b e given by

the homogeneous co ordinates of two of its p oints. Let b e a line in 3-space and

let = ( ) and = ( ) b e two distinct p oints in homogeneous

co ordinates on . W e can represent the line , oriented from to by the matrix:

= with 0. (34.1)

By taking the determinants of the six two-by-two submatrices of the ab ove two-by-

( )

−

′

′

′

− − − ij i j

i j

ij

i i i

Lemma 1

Lemma 2

{ ∈ | · }

{ ∈ | · ≥ } { ∈ | · ≤ }

∈

∈ ∩ ∩ ∈

∩ ∩

Ray Sho oting and Lines in Space 3

01 02 03 12 31 23

5

5

23 31 12 03 02 01

5

+ 5 5

01 23 02 31 03 12

5

0 1 2 +1

+

0

+

1

+

2

0 1 2 p l ξ , ξ , ξ , ξ , ξ , ξ , ξ det a a

b b

.

ξ

l

a b

l p l l

P

l

P v l ξ , ξ , ξ , ξ , ξ , ξ

h l p P v l p

h l p P v l p h l p P v l p

ξ ξ ξ ξ ξ ξ

P

l l

l l

p l h l

l t

p , p , p l p , p

l t p l h l h l h l p l

h l h l h l homo gene ous Pl ¨ ucker c o or dinates

Pl ¨ ucker p oint

Pl ¨ ucker hyp erplane

Pl ¨ ucker hyp ersurfac e

Lines and interse ct or ar e p ar al lel (i.e. me et at infinity) if and only

if .

L et b e an oriente d line and a triangle in Cartesian 3-sp ac e with

vertic es . L et b e the oriente d line thr ough (indic es mo d 3).

Then interse cts if and only if either or

.

four matrix we obtain the of the line:

( ) = ( ) with = (34.2)

The six numb ers are interpreted as homogeneous co ordinates of a p oint in 5-

space. F or a given line the six numb ers are unique mo dulo a p ositive multiplicative

factor, and they do not dep end on the particular distinct p oints and that we

have chosen on . W e call ( ) the of in pro jective 5-dimensional

space .

W e also define the of the line to b e the hyp erplane in

with vector of co efficients ( ) = ( ). So the Pl ¨ ucker

hyp erplane is :

( ) = ( ) = 0 (34.3)

F or each Pl ¨ ucker hyp erplane we have a p ositive and a negative halfspace given by:

( ) = ( ) 0 and ( ) = ( ) 0 . Not every tuple of

6 real numb ers corresp onds to a line in 3-space since the Pl ¨ ucker co ordinates must

satisfy the following condition:

+ + = 0 (34.4)

The set of p oints in satisfying (34.4) form the so called Π,

also called Klein quadric or Grassmanian manifold. The converse is also true; that

is, every tuple of six real numb ers satisfying (34.4) is the Pl ¨ ucker p oint of some line

in 3-space. Given two lines and , they intersect or are parallel (i.e. they intersect

at infinity) when the four defining p oints are coplanar. In this case the determinant

of the four-by-four matrix formed by the 16 homogeneous co ordinates of the four

p oints is zero. In terms of Pl ¨ ucker co ordinates we have the following basic lemmas:

( ) ( )

Note that condition 34.4 states in terms of Pl ¨ ucker co ordinates the fact that any

line always meets itself.

( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

These two lemmas allow us to map combinatorial and algorithmic problems

involving lines (and p olyhedral sets) in 3-space into problems involving sets of hy-

p erplanes and p oints in pro jective 5-space (Pl ¨ ucker space). The main adv antage

is that we can use the rich collection of results on the combinatorics of high di-

mensional arrangements of hyp erplanes (see Chapter [Arrangements]). The main

drawback is that we are using five (non-homogeneous) parameters, instead of four

which is the minim um numb er necess ary

. This choice has a p otential for increasing

the time b ounds of line algorithms. W e are rescued by the following theorem:

d

4

5

5

4

A

A

A

L

•

•

H n

H

H O n n

H n

P

R

R

..

34.1 Sets of lines in 3-space

Theorem 1

Glossary:

semi-algebraic set

path-connected comp onent

34.0.1 A t ypical example

34.1.1 Groups of lines induced b y a finite set of lines

Given a set of hyp erplanes in 5-dimensional sp ac e, the c omplexity

of the c el ls of the arr angement interse cte d by the Pl ¨ ucker hyp ersurfac e (also

c al le d the Zone of in ) is .

( ) Π

Π ( ) ( log )

Although the entire arrangement ( ) can b e of complexity Θ( ), if we are

working only with Pl ¨ ucker p oints we can limit our constructions to the Zone of Π,

the complexity of which is one order of magnitude smaller. Theorem 1 is esp ecially

useful for deriving ray-sho oting results.

This list of co ordinatizations is by no means exhaustive. Other parameteriza-

tions are used for example in [Ame92, AAS94, Sha94].

A typical example of how Pl ¨ ucker co ordinates are used in 3-D problems is the result

for fast ray sho oting among p olyhedra (see T able 5). W e triangulate the faces of

the p olyhedra and we extend each edge to a full line. Each such line is mapp ed

into a Pl ¨ ucker hyp erplane. Lemma 2 guarantees that each cell in the resulting

arrangement of Pl ¨ ucker hyp erplanes contains Pl ¨ ucker p oints that pass through the

same set of triangles. Thus to answer a ray sho oting query we first lo cate the query

Pl ¨ ucker p oint in the arrangement, then we search the list of triangles asso ciated with

the retrieved cell. This final step is accomplished using a binary search strategy

when the p olyhedra are disjoint. Theorem 1 guarantees that we need to build a

p oint lo cation structure only for the zone of the Pl ¨ ucker hyp ersurface, thus saving

an order of magnitude over general p oint lo cation metho ds for arrangements (see

Chapters [Arrangements] and [Point Lo cation]).

With Pl ¨ ucker co ordinates (I I I) to representing oriented lines, we can use the top ol-

ogy induced by the standard top ology of 5-dimensional pro jective space on Π

as a natural top ology on sets of oriented lines. Using a four-dimensional co ordi-

natizations (I) or (I I) we can imp ose the standard top ology of to the set of

non-horizontal unoriented lines. Thus we can define the concepts of “neighb our-

ho o d,” “continuous path,” “op en set,” “closed set,” “b oundary

,” “path-connected

comp onent,” etc. for the set of lines in 3-space. The distinction b etween oriented

lines and unoriented lines in mainly technical and the complexity b ounds hold in

either case.

: the set of all p oints that satisfy a Bo olean combination

of a finite numb er of algebraic constraints (equalities and inequalities) in the

Cartesian co ordinates of .

: a maximal set of lines that can b e connected

by a path of lines, a continuous function from the interv al [0 1] to the set of

lines.

∞

∞

•

•

ϵ

ϵ

ϵ

′ ′

′ ′

′

4

2

3

3 3

2

T ABLE 34.1 c omplexity

1 2

1 2

4

4

4+

2+

3+

34.1.2 Mem b ership tests

34.1. Sets of lines in 3-space 5

Set of Lines Definition Complexity

M iss L L n

M iss L n

V er t L n

F r ee L n O n n

V er tC O L L n

Complexity of groups of lines defined by lines l l xy

l l

z

l

L l l

L

L n

L

R

R

L

M iss L V er t L

F r ee L

L

L

l l

M iss L O n O n

M iss L V er t L V er tC O L O n O n

F r ee L O n O n p ositively-orien ted lines

consisten tly-orien ted lines

Set of Lines Query time Prepro c./Storage

( ) do not meet any line in Θ( )

1 comp onent of ( ) 1 path-connected comp onent Θ( )

( ) can b e translated vertically to Θ( )

( ) can b e translated to in some direction Ω( ), ( log )

( ) ab ove and consistently oriented Θ( )

: oriented lines and on the -plane are

p ositively-oriented if the triple scalar pro duct of vectors parallel to ,

and the p ositive -axis is p ositive.

: an oriented line in 3-space is consistently-

oriented with a set of 3-dimensional oriented lines if the pro jection of

is p ositively-oriented with the pro jection of every line in .

A finite set of lines in 3-space can b e viewed as an obstacle to the free

movement of other lines in 3-space. Many applications lead to defining groups of

lines with some sp ecial prop erties with resp ect to the fixed lines . The resources

used by algorithms for these applications are often b ounded by the “complexity”

of such groups.

The b oundary of a semialgebraic set in is partitioned in a finite numb er of

faces of dimension 0, 1, 2 and 3, each of which is also a semialgebraic set. The

numb er of faces on the b oundary of a semialgebraic set is the of that

set. The groups of lines that we are going to consider are represe nted in by

semialgebraic sets, with the co efficients of the corresp onding algebraic constraints

a function of the given finite set of lines .

The set ( ) contains lines that do not meet any line in L. The sets ( )

and ( ) contain lines that may b e translated to infinity without collision with

lines in .

When we are given we can build a data structure during a pre-pro cessing phase so

that when we are given a new (query) line we can decide very efficiently whether

is in one of the sets defined in the previous section. Such an algorithm implements

a mem b ership test for a group of lines.

T able 2. Memb ership tests for groups of lines defined by lines.

( ) (log ) ( )

1 comp onent of ( ), ( ), ( ) (log ) ( )

( ) (log ) ( ) c n

a

b log

0

4

3 3

3

2 3

•

• ·

• ·

√

·

≤ ≤ ≥

•

•

∈ ∈

•

∞

∞

34.1.3 Groups of lines induced b y p olyhedra

34.1.4 Op en Problems

Glossary:

epsilon:

p olyhedral set

starshap ed p olyhedron:

terrain:

Set of Lines Definition Complexit y ϵ

ϵ

ϵ

α α n α n

n

β β n c β

a, b > n β n n n n a, b

P

n

P

o P p P op

P

o

M iss P P n

V er t P n O n β n

F r ee P n

M iss Q , F r ee Q Q n α n O n n

F r ee P P

F r ee T T we denote by a p ositive real numb er, which, for each algorithm or

data structure, we can cho ose arbitrarily close to zero. The caveat is that the

multiplicative constant implicit in the big-Oh notation dep ends on and its

v alue increases when tends to zero.

( ): The function ( ) is the inverse of Ackerman’s function. ( ) grows

very slowly and is at most 4 for any practical v alue of .

( ): ( ) = 2 for a constant . ( ) is a function that is smaller than

any p olynomial but larger than any p olylogarithmic factor. F ormally we have

that for every 0, log ( ) for any ( ).

: A p olyhedral set is a region of 3-space b ounded by a

collection of interior-disjoint vertices, segments and planar p olygons. W e

denote with the numb er of vertices, edges and faces.

a p olyhedron is star-shap ed if there exist a

p oint such that for every p oint , the op en segment is contained

in .

when the star-shap ed p olyhedron is unb ounded and is at infinity

we obtain a terrain.

A single p olyhedron or a collection of p olyhedra in 3-space may act as obstacles

limiting the collision-free movements of lines. Thus, following the blueprint of

the previous section we will consider some interesting groups of lines induced by

p olyhedra and we will determine their complexity .

T able 3. Complexity of groups of lines defined by Polyhedra.

( ) do not meet p olyhedron Θ( )

( ) can b e translated vertically to Ω( ), ( ( ))

( ) can b e translated to in some direction Ω( )

( ) ( ) star-shap ed p olyhedron or a terrain Ω( ( )), ( log )

1. Find an almost cubic upp er b ound on the complexity of the group of lines

( ) for a p olyhedron .

2. Close the gap b etween the quadratic lower and the cubic upp er b ound for the

group ( ) induced by a terrain .

k

i

ϵ ϵ

• P { }

P

•

•

P

P

P

P

1

3 3 3

2

2 2

2

2+ 2+

2 stabb er

disjoint

34.2 Ra y sho oting

34.1.5 Sets of stabbing lines

34.1.6 Op en problems

Glossary:

stabb er

b ox

c-oriented

Ob jects Complexit y of Find Time l P , ..., P l

P i , .., k

n

c

S

S P

n O n n O n β n

O n O n

O n O n

n O n

l l

O n

O n O n

S

n

P

p

⃗

d P p,

⃗

d

: A line is a for = of p olyhedral sets if

intersects every set for = 1 . The sum of the sizes of the p olyhedral

sets in is .

: Polyhedra whose faces are orthogonal to one of the three Cartesian axis.

: p olyhedra whose face normals come from a set of fixed direc-

tions.

In the following table we have listed the worst case complexity of the set ( ) of

the lines stabbing and the time to find a witness stabbing line.

T able 4. Complexity of the set of stabbing lines and detection time.

( )

Convex Polyhedra Ω( ), ( log ) ( ( ))

Boxes ( ) ( )

c-oriented p olyhedra ( ) ( )

Horiz. Polygons Θ( ) ( )

Note that in some case (b oxes, parallel p olygons) we can find a stabbing line in

linear time, although the b est known b ound on the complexity of the stabbing set

is quadratic. These results are obtained using linear programming techniques (see

Chapter [Linear Programming]).

If we are given a line we can determine whether is a stabb er for a pre-

pro cessed set of convex p olyhedra in time (log ) using data structure s of size

( ) that can b e obtained in time ( ).

1. Can linear programming techniques yield a linear time algorithm for c-oriented

p olyhedra?

2. The lower b ound for ( ) for a set of pairwise convex p olyhedra is

only Ω( ) [PS92]. Close the gap b etween this and the cubic upp er b ound.

Ray sho oting is an imp ortant op eration in computer graphics and a primitive op era-

tion useful in several geometric computations (e.g hidden surface remov al, detecting

and computing intersections of p olyhedra). The problem is defined as follows: given

a large collection of simple p olyhedral ob jects, we want to know, for a given p oint

and direction , the first ob ject in intersecte d by the ray defined by the pair .

A single p olyhedron with many faces can b e represe nted without loss of generality

by the collection of its faces, each considered as a separate p olygon.

e dges

•

•

•

≤ ≤

≤ ≤ ϵ ϵ

ϵ / ϵ

ϵ ϵ

ϵ / ϵ

ϵ ϵ

ϵ ϵ

ϵ ϵ

ϵ ϵ

2+ 2+

1+ 1 2 2 1+

4+ 4+

1+ 1 4 4 1+

2+ 2+

3

3+ 3+

4

3+ 3+

2

2+ 2 2+ 2

2 4

3

P

n

P

xy

n n n

n /m n m n m

n n n

n /m n m n m

n n n

n n K n K n

n n n

n n n n

n s n s

K

K n , ..., n

R

34.2.1 On-line ra y sho oting in arbitrary direction

34.2.2 On-line ra y-sho oting in fixed direction

Glossary:

fat horizon tal p olygons

curtains

axis-orien ted curtains

Ob jects Query Storage Prepro c.

Here we consider the on-line mo del in which the set is given in adv ance and a

data structure is pro duced and stored. Afterwards we are given the query rays

one-by-one and the answer to one query must b e pro duced b efore the next query

is asked.

The next table summarizes the known complexity b ounds on this problem. F or

a given class of ob jects we rep ort the query time, the storage, and the prepro ces sing

time of the metho d with the b est b ound. In this table and in the following ones

we have omitted the big-Oh symb ols. Again, denotes the sum of sizes of all the

p olyhedra in .

: convex p olygons contained in planes parallel to

the -plane with a lower b ound on the size of the minim um interior angle.

: p olygons b ounded by one ro d in 3-space and by two vertical rays

from the end-p oints of the ro d.

: curtains hanging from a segment parallel to the x-

or y-axis.

T able 5. On-line ray-sho oting in arbitrary direction.

Boxes, T errains, Curtains log

Boxes

Polyhedra log

Polyhedra

F at Horiz. Polyg. log

Horiz. Polyg. log + + log

Spheres log

1 Conv. Polyhedr. log log

s Conv. Polyhedr. log n

When we drop the fatness assumption for horizontal p olygons we obtain b ounds

that dep end on , the complexity of the set of lines missing the of the

p olygons. is in the range [ ] and reaches the upp er end of the range only

when the p olygons are very long and thin.

Most of the data structures for ray-sho oting mentioned in the table can b e made

dynamic (under insertion and deletion of ob jects in the scene) by using general

dynamization techniques (see [Meh84]) and other more recent results [AEM92].

W e can usually improve on the general case if the direction of the rays is fixed a

priori, while the source of the ray can lie anywhere in .

≤ ≤

∈

≤ ⇒ ⊂ ϵ ϵ

ϵ ϵ

ϵ / ϵ

. . ϵ

. ϵ . ϵ

/ ϵ / ϵ / ϵ

1+ 1+

2

2

2

2+ 2+

1+ 1 3 3 1+

0 8 0 8+

2

1 6+ 1 6+ 2

4 3+ 4 3+ 1 3 1+

2

+

1 2 1 2

Ob jects Query Time Storage PrePro cessing

Theorem 2

Ob jects Detection Computation n n n

n n n n n n

n n n n n

n n k n k n

n /m n m n m

k

P n m

m O m n m n

n m O n m

n n k l og n

n n k n K n

k

ρ t

t

t ρ t

P

s t t R

t t s t s t t s t

34.2.3 Off-line ra y sho oting in arbitrary direction

34.2.4 Extensions and alternativ e metho ds on-line

off-line

Given a p olyhe dr al set with vertic es, e dges and fac es, and r ays

, we c an answer r ay sho oting queries in time

using stor age.

p ar ametric se ar ch te chniques

T able 6. On-line ray-sho oting in fixed direction.

Boxes log

Boxes log (log log ) log log

Axis Oriented Curtains log log log

Polyhedra log + + log

Polyhedra

In the table ab ove is the numb er of vertices, edges, faces and cells of the arrange-

ment of the (p ossibly intersecting) p olyhedra.

In the previous section we considered the situation when we can prepro cess

the p olyhedral set but the rays are given afterwards and the answer to the query

must b e received b efore the next question is asked. In many situations we do not

need such strict requirements. F or example we might know all of the queries from

the start and we are interested in minimizing the total time needed to answer all

of the queries ( situation). In this case we have simpler algorithms and we

can improve on the storage b ounds over the on-line algorithms:

off-line ( + log +

log log ) ( + )

One of the most interesting applications of this result is the current asymptoti-

cally fastest algorithm for detecting whether two non-convex p olyhedra in 3-space

intersect, and to compute the intersection.

T able 7. Detection and Computation of Intersec tion among Polyhedra.

Polyhedra +

T errains + + log

In this table, similarly to T able 6, is the size of the intersection.

Some ray-sho oting results of Agarwal and Matou ˇ sek are obtained from the obser-

v ation that a ray is traced by a family of segments ( ), where one end-p oint is

the source of the ray and the second end-p oint is on the ray at distance form

the source. Using p owerful (see Chapter [Parametric

Search]) Agarwal and Matou ˇ sek compute the first v alue of for which ( ) intersects

, and thus answer the ray-sho oting query .

An interesting extension of the concept of sho oting rays against obstacles is

obtained by sho oting triangles and more generally simplices. W e consider a family of

simplices ( ) indexed by real parameter that form a chain of inclusions (i.e.

that ( ) ( )), where is the volume of the simplex ( ). Intuitively ϵ

ϵ /

ϵ ϵ

ϵ ϵ

1+

1+ 1 4

1

2

1 2

4+ 4+

3

3+ 3+

34.3 Mo ving lines among obstacles

P n

O m m

O n /m s s P

s t t s t P

s

s

s s

l

l P

P

l l

n n n

n n K n K n

K

Theorem 3

Ob jects Query Time Storage PrePro c.

34.2.5 Op en Problems

34.3.1 Arbitrary motions

Given a set of p olyhe dr a with e dges we c an pr epr o c ess it in time

into a data structur e of size , such that the fol lowing queries c an b e

answer e d in time : Given a simplex , do es avoid ? Given a family

of simplic es as ab ove, which is the first value of for which interse cts ?

we are growing a simplex until it meets one of the obstacles. Surprisingly

, when

the obstacles are general p olyhedra sho oting simplices is not harder than sho oting

rays!

( )

( )

( ) ( )

Other p opular metho ds for solving ray-sho oting problems are based on trian-

gulations of 3-dimensional space, binary space partitions, solid mo delling schemes

etc. The p erformances of these metho ds are usually not fully analyzable using

algorithmic analysis.

1. Time/storage b ounds for ray-sho oting general p olyhedra that are sensitive to

the actual complexity of a group of lines (as opp osed to the worst case b ound

on such a complexity).

2. F or a collection of convex p olyhedra there is a wide gap in storage and

prepro cessing b etween the sp ecial case = 1 and the general case for any

v alue of . It would b e interesting to obtain a smo oth b ound in .

3. No lower b ound on time/storage required for ray-sho oting is known.

So far we have treated lines as static ob jects. In this section we consider moving

lines. A laser b eam in manufacturing or a radiation b eam in radiation therapy can

b e mo delled as lines in 3-space moving among obstacles. The main computational

problem is to decide whether a source line can b e moved continuously until

it coincides with a target line in such way to avoid a set of obstacles . W e

consider the following situation where the set of obstacles is given in adv ance

and prepro cess ed to obtain a data structure. When the query lines and are

given the answer is pro duced b efore a new query is accepted. W e have the following

results:

T able 8. On-line Collision-free Movement of Lines among Obstacles.

Polyhedra log

Horiz. Polygons log + + log

As in T able 5, is the complexity of the set of lines missing the edges of the

p olygons (see Section 34.1.3).

⊂

\

•

•

•

•

•

/ ϵ

/ ϵ

/ ϵ

/ ϵ

/ ϵ

34.4 Closest pair of lines

34.4. Closest pair of lines 11

L

v L L L

v L L

L L

L

L

O n

O n

l

l l

l

l l

s s

O n

O n

O n

1 1

1

1 2

1

2

4 3+

3 2+

1

2 1

2

1 2

1 2

8 5+

8 5+

4 3+

34.3.2 Op en problems

34.3.3 T ranslations

Glossary:

towering prop erty

separation prop erty

Prop ert y Time to check prop erty

Glossary:

distance b etween lines

vertical distance b etween lines

vertical distance b etween segments

Problem Ob jects Time

At the moment it is not known how to trade-off storage and query time or whether

in an off-line situation we can obtain b etter b ounds.

W e now restrict the typ e of motion and we consider only translations of lines. The

first result is of a negative nature since it states that there are sets of lines which

cannot b e split by any collision-free translation. There exists a set of 9 lines

such that, for all directions and all subsets , cannot b e translated

continuously in direction without collisions with .

: two sets of lines and are said to satisfy the

towering prop erty if we can translate simultaneously all lines in in the

vertical direction without any collision with lines in .

: two sets of lines satisfy the separation prop erty if they

satisfy the towering prop erty in some direction (not necessarily vertical).

T able 9. Separating lines by translations.

T owering ( )

Separation ( )

: the Euclidean distance b etween two lines and

in 3-space is the length of the shortest segment with one end-p oint on

and the other on .

: the length of the vertical segments with

one end-p oint on and one end-p oint of .

: the length of the vertical segment

with one end-p oint in and one in . If such vertical segment do es not exist

the vertical distance is undefined.

T able 10. Closest and F arthest Pair of Lines and Segments.

Smallest distance Lines ( )

Smallest vertical distance Lines, Segments ( )

Largest vertical distance Lines, Segments ( )

/ ϵ

/ ϵ

/

/

/

′ ′ ′

′ ′ ′ ′

′

′ ′

′ ′

34.4.1 Op en Problems

•

≺ ≺

• ≺

≺ ≺ ⊂ ×

•

≺

≺

•

• ≺

•

•

≺ ≺ ≺

≺

≺

3

1 2

2 1 1 2

1 2

1 2 3 1

4 3+

4 3+

3 2

4 3

4 3

34.5 Dominance relation and w ea vings

L

R L l l

l l l l

l z l

L , L

L L

L

L

L L

L

L ,

l

xy

l l l l

O n

O n

n

O n

n

n

Glossary:

dominance relation

weaving

realizable:

elementary cycle

p erfect

bipartite weaving

p erfect bipartite weaving dominanc e

we aving

r e alizable

p erfe ct

How fast c an we gener ate a c onsistent line ar extension if the r elation is

acyclic?

verify

How many elementary cycles in the dominanc e r elation c an lines define?

If we cut the se gments to eliminate cycles, how many ”cuts” ar e ne c essary to

eliminate al l cycles?

Finding a non trivial algorithm for the smallest distance among segments and more

generally p olyhedra is a notable op en question.

: Given a finite set of non-vertical disjoint lines in

, we define a relation among lines in . W e write if

lies ab ove , or, formally

, if, on the vertical line intersecting and , the

intersection with has smaller -co ordinate than the intersection with .

: A is a pair ( ) where is a set of lines on the plane

and is an anti-symmetric non-reflexive binary relation among

the lines in .

A weaving is if there exists a set of spatial lines

such that is the pro jection of and is homeomorphic to the dominance

relation for .

: a cycle in the dominance relation such that the pro jec-

tions of the lines in such a cycle b ound a cell of the arrangement of pro jected

lines.

: A weaving ( ) is if each line alternates b elow and ab ove

the other lines in the order they cross (see Figure 1.a).

: two families of segments in 3-space such that, pro ject-

ing them on the -plane, every segment do es not meets segment from its

own family and it meets all the segments from the other family

. A bipartite

weaving of size 4-by-4 is shown in figure 1(a).

: every segment alternates ab ove and b elow the

segments of the other family (see Figure 1(b)).

The dominance relation is p ossibly cyclic, that is, we can find three lines such

that . Some results related to dominance are the following:

(1)

( ) time is sufficient for the case of lines. This result has b een

extended to the case of segments and p olyhedra. If an ordering is given as input,

it is p ossible to that it is a linear extension of in time ( ).

(2) In

the case of bipartite weavings, the dominance relation can have ( ) elementary

cycles and there is a family of bipartite weavings attaining the lower b ound Ω( ).

(3)

F rom the previous result we have that sometimes Ω( ) cuts

are necess ary since a single cut can eliminate only one elementary cycle. In order

/

∞

≥

O n

n

n

n

9 5

+

+

+

34.6 Sources and related material

Bo oks and Surveys.

Key pap ers

Related Chapters to eliminates all cycles (also non elementary) in a bipartite weaving ( ) cuts

are always sufficient

(4) (4) The fraction of realizable weavings over all p ossible weavings of lines tends

to 0 exp onentially as tends to .

(5) A p erfect weaving of 4 lines is not realizable.

(6) Perfect bipartite weaving exist only if one of the families has less than four

segments.

An extensive treatment of analytic geometry of lines in

space can b e found in b o oks by Sommerville [Som51

], Ho dge and Pedo e [HP52] and

Jessop [Jes69]. Algorithmic asp ects of computing in pro jective spaces are discussed

in [Sto89, Sto91].

Uses of the geometry of lines in rob otics are rep orted in [BR79, Shi78]. F or uses in

Graphics see [FVFH90].

A detailed description of many ray-sho oting results is in [dB93].

A guide to the v ast related literature on pragmatic asp ects of ray-sho oting can b e

found in [Sp e92].

. The original description of Pl ¨ ucker co ordinates is in [Plu65]. Theo-

rem 1 is in [APS93].

Groups of lines induced by lines (T able 1) are discussed in [CEGS89, Pel94b].

Memb ership tests (T able 2) are in [CEGS89, Pel93b, Pel94b]. The b ounds on

sets of lines induced by p olyhedra in T able 3 are in [HS94] [Pel94b, Aga94]. A

key pap er in stabbing is [PS92]. Other results on stabbing are in [Pel93a, Aga94,

Ame92, Meg91, Pel91].

The main reference s on ray-sho oting (T able 5) are in [Pel93b, dBHO 94] (b oxes),

[AM93, AM94, Pel93b, dBHO 94, AS93b] (p olyhedra), [Pel94c] (horizontal p oly-

gons), [AAS94, MS94] (spheres), and [DK85, AS93a] (convex p olyhedra). Refer-

ences for ray sho oting in fixed direction (T able 6) are [dB93, dBGH94].

Results on off-line ray sho oting and computing intersection of p olyhedra (T able 7)

are in [CEGS94, Pel94b, Pel93b]. Theorem 3 is in [Pel94a]. Results on moving

and translating lines in 3-space (T ables 8 and 9) are in [SS93], [Pel93b, Pel94c]

and [CEGS89, Pel94b]. Neighb our problems for lines (T able 10) are discussed in

[CEGS93, Pel94a].

W eavings are discussed in [CEG 92] and [PPW93]. Results on linear extensions of

the dominance relation are in [dBOS94].

Chapter X: Arrangements

Chapter X: Visibility

Chapter X: Point Lo cation

Chapter X: Range Searching

Chapter X: Geometric Intersection

Chapter X: Computer Graphics

Chapter X: Motion Planning

Chapter X: Parametric Search

Chapter X: Randomized algorithms

+

R efer enc es

Pr o c e e dings of the 10th ACM Symp osium on

Computational Ge ometry

Pr o c e e ding of the

33r d Symp osium on F oundations of Computer Scienc e

Comp. Ge om.

The ory and Appl.

SIAM

J. on Computing

Dis-

cr ete & Computational Ge ometry

Pr o c. 3r d ACM-SIAM Symp os. Discr ete Algorithms

Discr ete & Computational Ge ometry

Pr o c. 4th ACM-SIAM Symp os. Discr ete Algorithms

Discr ete and Computational Ge ometry

The or etic al Kinematics

Com-

put. Ge om. The ory Appl.

Pr o c. of the 21st ACM Symp osium

on The ory of Computing

Discr ete & Computational Ge ometry

Algorithmic a

R ay Sho oting, Depth Or ders and Hidden Surfac e R emoval

[AAS94] P

.K. Agarwal, B. Aronov, and M. Sharir. Computing envelop es in four di-

mensions with applications. In

, pages 348–358, 1994.

[AEM92] P

.K. Agarwal, D. Eppstein, and J. Matou ˇ sek. Dynamic half-space range search-

ing, geometric optimization and minim um spanning trees. In

, pages 80–89, 1992. T o

app ear in Algorithmica.

[Aga94] P

.K. Agarwal. On stabbing lines for convex p olyhedra in 3D.

, 4:177–189, 1994.

[AM93] P

.K. Agarwal and J. Matou ˇ sek. Ray sho oting and parametric search.

, 22(4):794–806, 1993.

[AM94] P

.K. Agarwal and J. Matou ˇ sek. Range searching with semialgebraic sets.

, 11:393–418, 1994.

[Ame92] N. Amenta. Finding a line transversal of axial ob jects in three dimensions. In

, pages 66–71, 1992.

[APS93] B. Aronov, M. Pellegrini, and M. Sharir. On the zone of an algebraic surface in

a hyp erplane arrangement. , 9(2):177–188,

1993.

[AS93a] P

. K. Agarwal and M. Sharir. Ray sho oting amidst convex p olytop es in three

dimensions. In , pages 260–

270, 1993.

[AS93b] P

.K. Agarwal and M. Sharir. Applications of a new space partitioning tech-

nique. , (9):11–38, 1993.

[BR79] O. Bottima and B. Roth. . North-Holland, 1979.

[CEG 92] B. Chazelle, H. Edelsbrunner, L. J. Guibas, R. Pollack, R. Seidel, M. Sharir,

and J. Sno eyink. Counting and cutting cycles of lines and ro ds in space.

, 1:305–323, 1992.

[CEGS89] B. Chazelle, H. Edelsbrunner, L. Guibas, and M. Sharir. Lines in space: com-

binatorics, algorithms and applications. In

, pages 382–393, 1989.

[CEGS93] B. Chazelle, H. Edelsbrunner, L. Guibas, and M. Sharir. Diameter, width,

closest line pair and parametric search. ,

10:183–196, 1993.

[CEGS94] B. Chazelle, H. Edelsbrunner, L. Guibas, and M. Sharir. Algorithms for bichro-

matic line segment problems and p olyhedra terrains. , 11:116–132,

1994.

[dB93] M. de Berg. . Numb er

703 in Lecture Notes in Computer Science. Springer V erlag, 1993.

+

Pr o c e e dings of the 10h ACM Symp osium on Computational

Ge ometry

Algorithmic a

SIAM J. on Computing

J. Algorithms

Computer Gr aphics:

Principles and Pr actic e

Metho ds of algebr aic ge ometry

Discr ete & Computational Ge ometry

A T r e atise on the Line Complex

Multidimensional Se ar ching and Computational Ge ometry

SIAM J. Computing

Combinatorial and Algorithmic Analysis of Stabbing and Vis-

ibility Pr oblems in 3-Dimensional Sp ac e

Computational

ge ometry the ory and applic ations

Algorithmic a

SIAM J. on Computing

Discr ete & Com-

putational Ge ometry

Pr o c e e dings of the 26th ACM Symp osium on The ory of Comput-

ing

Phil. T r ans. R oyal So c. L ondon

[dBGH94] M. de Berg, L. Guibas, and D. Halp erin. V ertical decomp ositions for trian-

gles in 3-space. In

, pages 1–10, 1994.

[dBHO 94] M. de Berg, D. Halp erin, M. Overmars, J. Sno eyink, and M. v an Kreveld.

Efficient ray-sho oting and hidden surface remov al. , (12):31–53,

1994.

[dBOS94] M. de Berg, M. Overmars, and O. Schwarzkopf. Computing and verifying depth

orders. , 23(2):437–446, 1994.

[DK85] D. P

. Dobkin and D. G. Kirkpatrick. A linear algorithm for determining the

separation of convex p olyhedra. , 6:381–392, 1985.

[FVFH90] J. D. F oley

, A. V an Dam, S. K. F einer, and J. F. Hughes.

. Addison-W esley

, Reading, MA, 1990.

[HP52] W.V.D. Ho dge and D. Pedo e. . Cambridge

University Press, 1952.

[HS94] D. Halp erin and M. Sharir. New b ounds for lower envelop es in three dimensions,

with applications to visibility in terrains. ,

12:313–326, 1994.

[Jes69] C.M. Jessop. . Chelsea, 1969.

[Meg91] N. Megiddo. Personal comm unication. 1991.

[Meh84] K. Mehlhorn. , chap-

ter 2. Springer V erlag, 1984.

[MS94] S. Mohaban and M. Sharir. Ray-sho oting amidst spheres in three-dimensions

and related problems. , 1994. T o app ear.

[Pel91] M. Pellegrini.

. PhD thesis, New Y ork University–

Courant Institute of Mathematical Sciences, F ebruary 1991. Courant Institute,

Rob otics Lab. Rep ort Numb er 241.

[Pel93a] M. Pellegrini. Lower b ounds on stabbing lines in 3-space.

, 3:53–58, 1993.

[Pel93b] M. Pellegrini. Ray sho oting on triangles in 3-space. , 9:471–494,

1993.

[Pel94a] M. Pellegrini. On collision-free placements of simplices and the closest pair of

lines in 3-space. , 23(1):133–153, 1994.

[Pel94b] M. Pellegrini. On Lines Missing Polyhedral Sets in 3-Space.

, 12:203–221, 1994.

[Pel94c] M. Pellegrini. On Point Lo cation and Motion Planning in Arrangements of

Simplices. In

, pages 95–104, 1994.

[Plu65] J. Plucker. On a new geometry of space. ,

155:725–791, 1865.

Algorithmic a

Discr ete &

Computational Ge ometry

The Kinematic Design and F or c e Contr ol of Computer Con-

tr ol le d Manipulators

Analytic al ge ometry of thr e e dimensions

Com-

puter Gr aphics

Pr o c e e dings of the 9th ACM Symp osium on Computational Ge ometry

Oriente d Pr oje ctive Ge ometry: a F r amework for Ge ometric Compu-

tations

[PPW93] J. Pach, R. Pollack, and E. W elzl. W eaving patterns of lines segments in space.

, (9):561–571, 1993.

[PS92] M. Pellegrini and P

. Shor. Finding stabbing lines in 3-space.

, 8:191–208, 1992.

[Sha94] M. Sharir. V ertical decomp osition of lo er envelop es in four dimensions and its

applications. Manuscript, Septemb er 1994.

[Shi78] B.E. Shimano.

. PhD thesis, Dept. of Mechanical Engineering, Stanford

University

, 1978.

[Som51] D. M. H. Sommerville. . Cambridge

University Press, Cambridge, England, 1951.

[Sp e92] R. Sp eer. An up dated cross-indexed guide to the ray-tracing literature.

, 26(1):41–72, 1992.

[SS93] J. Sno eyink and J. Stolfi. Ob jects that cannot b e taken apart with two hands.

In , pages

246–256, 1993.

[Sto89] J. Stolfi. Primitiv es for computational geometry . T echnical Rep ort 36, Digital

Systems Research Center, 130 Lytton Avenue, Palo Alto, California, 1989.

[Sto91] J. Stolfi.

. Academic Press, 1991.